Statistics of hierarchical systems containing three or more stars are continuously improving. The Multiple Star Catalogue (MSC) is currently the most comprehensive catalogue of multiplestar systems and contains component masses, orbital periods, and additional information. The systems in the MSC are interesting for several reasons, including the long-term dynamical evolution of few-body systems. Although the secular evolution of triples and quadruples has been explored before, a systematic study of the systems in the MSC including also quintuples and sextuples has not been carried out. Here, we explore the main-sequence (MS) evolution of stars from the MSC based on approximately 2 × 10 5 secular dynamical integrations. We estimate statistical probabilities for strong interactions during the MS such as tidal evolution and mass transfer, and the onset of dynamical instability. Depending on the assumed model for the unknown orbital elements, we find that the fraction of noninteracting systems is largest for triples (∼ 0.9), and decreases to ∼ 0.6-0.8 for sextuples. The fraction of strong interactions increases from ∼ 0.1 to ∼ 0.2 from triples to sextuples, and the fraction of dynamically unstable systems increases from ∼ 0.001 to ∼ 0.1-0.2. The larger fractions of strong interactions and dynamical instability in systems with increasing multiplicity can be attributed to increasingly complex secular evolution in these systems. Our results indicate that a significant fraction of high-multiplicity systems interact or become dynamically unstable already during the MS, with an increasing importance as the number of stars increases.
INTRODUCTION
Hierarchical multiple-star systems with N = 3 or more stars are interesting for a number of reasons. Their complex orbital architecture encodes information that can be used to constrain single and binary star formation (e.g., Batten 1973; Portegies Zwart et al. 2011) . Also, they give rise to a rich variety of dynamical evolution, since (hierarchical) orbits in systems with more than two bodies are usually not static. So far, the implications of dynamical evolution in multiple-star systems have been addressed in most detail for triples. In hierarchical triples, Lidov-Kozai (LK) oscillations (Lidov 1962; Kozai 1962 ; see Naoz 2016 for a review) can drive high eccentricities in the inner orbit on potentially long timescales. High eccentricities can couple with strong tidal evolution, producing short-period binaries (e.g., Mazeh & Shaham 1979; Eggleton & Kiseleva-Eggleton 2001; Eggleton & Kisseleva-Eggleton 2006; Fabrycky & Tremaine 2007; Hamers et al. 2013; Naoz & Fabrycky 2014; Toonen et al. 2016; Anderson et al. 2017; Bataille et al. 2018; Rose et al. 2019) , although it has recently been cast into doubt whether this effect is responsible for producing an enhanced population of short-period binaries (Moe & Kratter 2018; Tokovinin 2019b; Tokovinin & Moe 2020 ). In addition, LK cycles in triples * E-mail: hamers@mpa-garching.mpg.de can couple with stellar evolution, giving rise to strong interactions during or after the main-sequence (MS; e.g., Hamers et al. 2013; Toonen et al. 2016; Stephan et al. 2016; Antonini et al. 2017; Toonen et al. 2018; Hamers & Thompson 2019) .
The long-term dynamical evolution becomes more complex as the number of stars is increased. For quadruples, which occur in two long-term stable configurations ('2+2': two binaries orbiting each other, and '3+1': a triple orbited by a fourth body). The secular dynamical evolution of quadruples has been studied by a number of authors (Pejcha et al. 2013; Hamers et al. 2015; Vokrouhlický 2016; Hamers & Lai 2017; Fang et al. 2018; Grishin et al. 2018; Liu & Lai 2019; Fragione & Kocsis 2019) , who have generally found that the efficiency to attain high eccentricities in quadruples is higher compared to equivalent triples, i.e., if two stars would be replaced by a single star. Also, when combined with stellar evolution, quadruples can give rise to a wide range of outcomes (Hamers 2018b) .
However, even more complex hierarchical systems with five or more bodies are known to exist, and the statistics of high-multiplicity systems are steadily improving (e.g., Tokovinin 2018a Tokovinin ,b, 2019a . The Multiple Star Catalogue (MSC; Tokovinin 1997 Tokovinin , 2018c in particular contains information of hierarchical systems with N = 3 up to and including N = 7 stars. The MSC is not based on a volume-limited sample of stars, and is therefore distorted by observational selection effects. However, it has the advantage of being the most comprehensive catalogue of multiple-star systems to date, including information on the component masses, orbital periods, and additional information. In particular, it currently encompasses the largest database of systems with N > 4 stars.
Although the tools to efficiently study the long-term dynamical evolution of N > 4 systems exist Hamers 2018a) , there is no study to date that explores these systems. In this work, we address this omission and consider the dynamical evolution of multiple systems with 3 ≤ N ≤ 6 from the MSC 1 . Based on secular dynamical integrations of approximately 2 × 10 5 systems, we study the probability of interactions during the (shortest) MS lifetime of the stars, including strong interactions inducing tidal evolution and possibly mass transfer, and the onset of dynamical instability of the system. Our focus is on the probability and delay-time of such interactions, and their dependence on N . These quantities give insight into the importance and efficiency of the decay of N ≥ 3 systems after their formation, and during their MS lifetime. A detailed study of the evolution and outcomes following such interactions, as well as the post-MS evolution, is left for future work.
This paper is structured as follows. In Section 2, we describe our methodology of extracting data from the MSC and sampling the unknown orbital parameters. In Section 3, we show a number of examples, and give our main results of the interaction fractions, as well as focus on the orbital distributions. We give a discussion in Section 4, and conclude in Section 5.
METHODOLOGY

Initial conditions
We extract data of systems with N = 3 to N = 6 stars from the MSC 2 (Tokovinin 1997 (Tokovinin , 2018c . We restrict to hierarchical systems and ignore 'trapezium'-type systems (indicated in the MSC with the symbol 't'), for which the separations between resolved components are comparable and it cannot be established if the system is hierarchical. Also, we ignore systems in which not all orbital periods P and component masses m i are known or estimated 3 , but do not otherwise impose a cut on these quantities. The typical primary star in the MSC has a mass between 0.5 and 3 M . In the MSC, the spectral types of all components are only known in a subset of systems. To maximise the number of available systems, we do not reject systems with known giant stars. Therefore, the 'MS lifetime' on which we base the duration of our integrations (see Section 2.2 below) can be an overestimate of the true remaining lifetime of the components in the system. Also, stellar evolution is beyond the scope of this paper and is ignored in our integrations.
With these assumptions, we thus reduce the MSC to 1841 hierarchical systems, subdivided into 1504 triples, 281 quadruples, 48 quintuples, and 8 sextuples. For each orbit in the system, we compute the semimajor axis from the orbital period and total enclosed 1 Since the number of hierarchical N = 7 systems in the MSC with all periods and masses known or estimated is only 2, we ignore these systems in our statistical considerations. 2 The MSC database can be downloaded at http://www.ctio.noao.edu/ atokovin/stars/. For this work, we retrieved the database on February 7 2020 (the database was last updated on July 25 2019). 3 Long orbital periods in the MSC are estimated from projected separations and are therefore estimates of the true orbital period; the difference can be a factor of up to ∼ 3 (Tokovinin 2014 orbital mass using Kepler's law. In addition, we use the orb file from the MSC to extract the orbital eccentricity e where available (evidently, e is not known for all orbits in all systems). The orb file also contains information on the orbital orientations (inclinations i, arguments of periapsis ω, and longitudes of the ascending node Ω). However, in many cases, the orbital elements are derived from visual orbits which do not distinguish between the two orbital nodes, leaving a 180 • ambiguity in the longitude of the ascending node, Ω (e.g., Tokovinin 2017) . Therefore, we choose not to use the orbital orientation data from the MSC, but instead sample from assumed distributions (see below). In some cases, multiple entries exist in the MSC for the orbital properties of the same orbit corresponding to different observations. In those cases, we adopt the mean eccentricity of these multiple entries if they are not zero 4 . For each selected system from the MSC (with at least some missing orbital elements), we generate N MC additional realisations in which we sample the unknown orbital parameters from assumed distributions. Since the number of systems in the MSC with a given number of stars decreases as N increases, we set N MC depending on N in order to obtain reasonable statistics also for systems with large N . Of course, since we sample the unknown orbital elements only, increasing N MC does not increase the statistical information on the masses and orbital periods, i.e., the statistics are still bound by the limited number of known systems with large N . We set N MC = 40 for systems with N = 3 or N = 4; for N = 5, we set N MC = 200; for N = 6, we set N MC = 400. Note that from these systems, we reject those that do not satisfy our initial requirements (see below).
To sample the unknown orbital elements, we adopt four different models, Models A through D. An overview with a brief description of these models is given in Table 1 .
In models A and B, we assume a flat distribution of the eccentricities (0.01 < e < 0.99), subject to dynamical stability constraints (see Section 2.2 below for the latter). The resulting eccentricity distributions in models A and B are shown in the top panel of Fig. 1 ; they are a reasonable first-order approximation to the observed distribution for multiple stars of Raghavan et al. (2010) , as well as to the eccentricities in the MSC (see Fig. 2 ).
It should be noted, however, that catalogues such as those from Raghavan et al. (2010) and the MSC rely on visual orbits for wide binaries, and visual orbits are systematically biased against large eccentricities. In fact, statistical analyses show that wide binaries (P > 100 yr) tend to have on average higher eccentricities than tighter binaries (Tokovinin & Kiyaeva 2016) . This is also indicated by the distributions of the available eccentricities in the MSC (see Fig. 2 ), which show typically higher eccentricities for orbits with P > 100 yr. In our Models C and D, we therefore We distinguish between orbits with a < 50 (red dashed line) and a ≥ 50 (blue dotted line), as well as show the distribution for all orbits (black solid line). assume a period-dependent eccentricity distribution that approximates the observed distribution of Tokovinin & Kiyaeva (2016) . Specifically, we sample the eccentricity from a sine-distribution dN/de ∝ sin(πe) for P < 100 yr, and dN/de ∝ e (a 'thermal' distribution) for P ≥ 100 yr. In both cases, sampled eccentricities are subject to dynamical stability constraints. The resulting distribution is shown in the bottom panel of Fig. 1 . As shown, models C and D have typically higher eccentricities compared to models A and B.
Next, we discuss the orbital orientations (i, ω, and Ω). In models A and C, we assume uniform distributions in the cosines of the inclinations i (ranging between −1 and +1), and flat distributions in ω and Ω (ranging between 0 and 2π). This choice of orbital angles corresponds to isotropic orbital distributions. However, observations suggest that the orbital alignment in triple stars is not isotropic (Tokovinin 1993; Sterzik & Tokovinin 2002) , and, in particular, is correlated with the separation of the tertiary companion (Tokovinin 2017) . Tokovinin (2017) found that tight triples with inner semimajor axes less than about 50 tend to be aligned in their orbits (with a mean mutual inclination of Φ ∼ 20 • ), whereas triples with wider inner orbits tend to have isotropic relative orbital orientations.
To mimic the latter observational trend, in models B and D, we sample the individual orbital inclination i of an orbit with a < 50 from a Gaussian distribution with a mean of µ = 0 • and a dispersion of σ = 20 • , with individual inclinations restricted to the range 0 • < i < 30 • . The angles ω and Ω are sampled from flat distributions between 0 and 2π, as in Model A. For orbits with a < 50 , these choices lead to a smeared-out distribution in the mutual inclination between orbits, Φ, since, in general for two orbits labeled 1 and 2, cos Φ = cos i 1 cos i 2 + sin i 1 sin i 2 cos(Ω 1 − Ω 2 ).
(1)
For orbits with a ≥ 50 , we sample the orbital orientation corresponding to a random orientation, as in Model A for all separations.
To illustrate our choices for the orbital orientations, we show in Fig. 3 the distributions for models B and D of all initial mutual inclinations Φ (evidently, a system with N > 3 has multiple values of Φ). We distinguish between orbits with a < 50 (red dashed line) and a ≥ 50 (blue dotted line), and also show the distribution for all orbits (black solid line). As required, the distribution of Φ for a < 50 peaks near Φ ∼ 20 • , and is isotropic (dN/dΦ ∝ sin Φ)
for larger separations. The combined distribution shows a large peak around Φ = 20 • . We reject a generated system if it is expected to interact strongly, or be dynamically unstable at the beginning (i.e., before any secular dynamical evolution). We refer to Section 2.2 for our definitions of these events.
Numerical integrations
Using the procedure described in Section 2.1, we obtain N sys = 51, 057, 51, 044, 44, 864, and 44, 850 realisations of multiple systems in the MSC for models A, B, C, and D, respectively. We subsequently integrate these systems using the secular dynamical code S M Hamers 2018a ) which is freely available 5 . S M is based on an expansion of the Hamiltonian of the hierarchical system in terms of ratios of orbital separations x i . The Hamiltonian is subsequently averaged, and the orbit-averaged equations of motion are solved numerically. The main advantage of S M over 'traditional' direct N-body codes is that the former captures the longterm secular dynamical evolution (at least approximately) whereas the latter are generally much slower, such that a Monte Carlo study of the scope of this paper would be computationally prohibitively expensive.
Here, we include Newtonian terms up to and including fifth order (dotriacontupole) in x i for pairwise interactions, and up to including third order (octupole order) for interactions involving three orbits simultaneously. We also include post-Newtonian (PN) corrections to the first PN order (giving rise to orbital precession) in all orbits, ignoring direct PN interactions between orbits (see, e.g., Naoz et al. 2013; Lim & Rodriguez 2020 for the latter).
We do not include tidal evolution in the secular equations of motion. Tidal dissipation is still poorly understood, especially at high orbital eccentricity (see, e.g., Ogilvie 2014 for a review). Instead, we adopt a simplistic approach in which we consider strong interactions such as tidal evolution, possibly followed by mass transfer, to occur when the periapsis distance of any orbit containing two stars satisfies
where R 1 and R 2 are the radii of the stars in orbit i. Here, we assume MS radii for the stars, which we calculate according to 6
with m i the mass of the star (as reported in the MSC). As discussed above in Section 2.1, systems that initially satisfy equation (2) are rejected during the sampling procedure. We neglect changes of the stellar radii during stellar evolution (see, e.g., Hamers et al. 2013; Toonen et al. 2016; Stephan et al. 2016; Antonini et al. 2017; Toonen et al. 2018; Hamers & Thompson 2019 for studies of triples including stellar evolution). A comprehensive investigation of the post-MS evolution of systems in the MSC is left for future work.
During the integrations, we check for dynamical instability of the system. Dynamical instability can occur as a result of high eccentricities induced by secular evolution, in particular in higherorder systems such as quadruples (e.g., Hamers 2017 Hamers , 2019 . We use the well-known stability criterion of Mardling & Aarseth (2001) ,
and we estimate the LK timescale as (e.g., Innanen et al. 1997; Antognini 2015; )
Here, P j,child is the orbital period of the corresponding child of orbit j, M j is the total mass of all bodies contained within orbit j, and m j,sibling is the mass of the sibling of the corresponding child in orbit j. We set α = 10 4 , i.e., at least on the order of 10 4 secular oscillations are included in our simulations, unless they exceed the shortest MS lifetime or t H .
RESULTS
Examples
We first show the time evolution of a few systems to illustrate possible secular dynamical evolution for different types of systems. All the examples discussed in this section were selected from integrations in Model A. Fig. 4 highlights the evolution of two triple and two quadruple systems. For each system, the top panels indicate the hierarchy and basic orbital properties of the system in terms of a mobile diagram (Evans 1968 The examples of WDS 00024+1047 show prototypical evolution of highly inclined triples, where in one case the eccentricity reached is sufficiently high to trigger a strong interaction after ∼ 500 Myr, whereas in the other case no interaction occurs during the ∼ 6 Gyr MS lifetime of the system. The example of the 7 In some systems, the LK timescale can be extremely short compared to the shortest MS lifetime or the age of the Galaxy; the simulations in these cases can be very computationally demanding because of the large number of secular oscillations, especially in systems with large N . 3+1 quadruple WDS 00335+4006 illustrates the onset of dynamical instability, triggered by enhanced eccentricity of the intermediate orbit arising from the secular torque of the outermost orbit. The 2+2 quadruple WDS 02470-0952 shows coupled evolution between the two inner orbits, which is expected based on the similar LK timescales of both inner orbits (Hamers & Lai 2017) . Fig. 5 illustrates the evolution of four quintuples. In one realisation of the quintuple WDS 01137+0735, a triple orbited by a binary, dynamical instability is triggered when the orbit with a ≈ 72 becomes highly eccentric. The innermost orbit, with a = 0.1 , evolves in a complicated, quasi-random fashion. Also, note that the orbit with a = 6 does not behave completely regularly on long timescales, which may be due to the 2+2 quadrupleinteraction with the orbit with a ≈ 72 . In another realisation of WDS 01137+0735 with different orbital eccentricities and orientations, the innermost orbit with a = 0.1 becomes highly eccentric more rapidly, leading to a strong interaction after ∼ 680 Myr. WDS 06047-4505 is a 2+2 quadruple orbited by a fifth body. The outer orbit of the quadruple, with a ≈ 164 , is excited to high eccentricities by the fifth body, which affects the 2+2 quadruple. After ∼ 5 Gyr, a strong interaction is triggered in one of the innermost orbits. WDS 12413-1301 is also a 2+2+1 system. The innermost orbits in this system are tight (both have a < 0.5 ); nonetheless, one of the innermost orbits is excited in eccentricity as the orbit with a ≈ 401 is driven to high eccentricity by the outermost fifth body.
Lastly, Fig. 6 shows one quintuple, and three sextuples. WDS 13063-4828 is a 'fully-nested' quintuple, i.e., it has a planetary system-like architecture (note, however, that the orbits can potentially be highly mutually inclined, unlike the Solar system or many exoplanet systems). In the realisation shown in Fig. 6 , a dynamical instability is triggered relatively early when the orbit with a ≈ 1526 is excited in eccentricity. The sextuple WDS 00251+4803 has a similar structure as the previous quintuple WDS 13063-4828, except that the outermost body is now itself a binary. In this particular example, there is no strong secular evolution in all orbits except for the innermost orbit, although a strong interaction is avoided. The sextuple WDS 13239+5456, consisting of a 2+2 quadruple orbited by a binary, shows strongly coupled evolution between the orbit with a = 0.8 and with a ≈ 380 . The latter orbit is driven to high eccentricity by the outermost binary. The orbit with a = 0.3 is not strongly affected, likely because secular oscillations are quenched in this tighter orbit by PN precession (e.g., Blaes et al. 2002; Fabrycky & Tremaine 2007; Liu et al. 2015) . In the sextuple WDS 15382+3615, consisting of two triples orbiting each other, a dynamical instability is triggered by excited eccentricity of the orbit with a ≈ 162 by secular evolution. The innermost orbits, although compact, show some secular evolution in a complicated way, correlated with the eccentricity of their parent orbits. Interestingly, the 'companion triple' to the triple that becomes dynamically unstable in the example shown has similar orbital properties, and evolves in a similar way. In fact, in other realisations of the system (not shown here), we find that dynamical instability can be triggered starting in the other triple system (with the intermediate orbit a ≈ 132 ).
Interaction fractions
In Table 2 , we show the outcome fractions of the systems in our Monte Carlo integrations for all four models. We distinguish between 'strong interaction', i.e., an orbit in the system satisfies equation (2), dynamical instability (see Section 2.2), and none of the above, i.e., no interaction. We also present the same data visually (as a function of N ) in Fig. 7 . The majority of systems do not interact during the simulations, although f no decreases strongly with increasing N . For models A and C, f no ∼ 0.9 for N = 3, and it decreases to f no ∼ 0.6 for N = 6. The decrease of f no with increasing N is associated with significant increases in both f int and f dyninst . An increase in f int with increasing N can be understood from the larger available parameter space for which strong secular evolution can arise in more complex hierarchical systems. This aspect has been explored in quadruples (e.g., Pejcha et al. 2013; Hamers et al. 2015; Hamers & Lai 2017; Grishin et al. 2018) , but is demonstrated here for higher-order systems as well.
The fraction of dynamically unstable systems is nearly zero for triples, but increases strongly with increasing N . For triples, dynamical instability can only occur for systems that are initially marginally stable, since the onset of instability on the MS is mainly driven by changes of the outer orbit eccentricity, which are typically small (the outer orbit eccentricity is constant at the quadrupole expansion order; changes in outer orbit eccentricity occur starting only at the higher octupole order; see, e.g., Ford et al. 2000) . However, in 3+1 quadruples (not in 2+2 quadruples, see below), the innerintermediate pair can efficiently be driven to dynamical instability due to increased eccentricity of the intermediate orbit induced by the fourth body (see, e.g., the example evolution of WDS 00335+4006 in Fig. 4) . Our results show that this effect becomes even more important in higher-order quintuple and sextuple systems.
In addition, the interaction fraction f int decreases in all models from N = 5 to N = 6, whereas the dynamical instability Table 2 ). Black solid, red dashed, and blue dotted lines correspond to noninteracting, strongly interacting, and dynamical instability systems, respectively. Error bars give the Poisson errors.
fraction f dyninst increases significantly. In models B and D, even f dyninst > f int for N > 5. This highlights the importance of dynamical instability in high-multiplicity systems.
In Model B, the noninteraction fraction is generally higher compared to Model A. This can be attributed to the typically lower mutual inclinations in Model B (see Fig. 3 ), giving rise to weaker secular evolution. Correspondingly, f int and f dyninst are lower. Nevertheless, f int and f dyninst still increase significantly with increasing N , both up to ∼ 0.1 for N = 6. Models A and C give very similar results, as do models B and D. In other words, the differences in the assumed eccentricity distributions (see Fig. 1 ) do not lead to major differences in the interaction fractions. The largest differences arise from the assumed inclination distributions, i.e., differences between models A and B, and between models C and D. These results also apply to the orbital distributions (Section 3.3), and the interaction time distributions (Section 3.4).
In Fig. 8 , we break down the outcome fractions with respect to the number of levels in the system (showing results from Model A; other models give qualitatively similar results). A triple has N levels = 2 different levels, whereas higher-order systems generally have N levels ≥ 2. For example, a 2+2 quadruple has N levels = 2, whereas a 3+1 quadruple has N levels = 3. Each panel in Fig. 8 corresponds to a different N . For systems with a given N levels , we plot the fractions of systems that either do not interact, interact strongly, or become dynamically unstable. Generally, for a given N , we expect systems with larger N levels to have a higher probability to become dynamically unstable.
As expected, for quadruples, dynamical stability occurs almost exclusively if N levels = 3, which corresponds to the 3+1 configuration. For quintuples, the dynamical instability fraction is higher for N levels = 4 compared to N levels = 3, although it should be noted that the number of available quintuple systems with N levels = 4 is small (reflected in the large Poisson errors). Interestingly, for sextuples, the dynamical instability fraction is significantly higher for N levels = 3 compared to N levels = 4. However, this result might be biased by the limited number of known sextuple systems in the MSC (see Section 2.1).
Orbital distributions
Here, we focus on the orbital parameter space associated with the different outcomes in our simulations. In Fig. 9 , we show the distributions of the initial ratio of outer orbit periapsis distance to inner orbit semimajor axis, a out (1−e out )/a in . Black solid lines correspond to noninteracting systems, red dashed lines to strongly interacting systems, and blue dotted lines to dynamically unstable systems. For are all set to zero if a particular configuration does not apply to a system with given N . Top, middle and bottom panels correspond to N = 4, 5, and 6, respectively. Note that triples by design only have N levels = 2; for the latter, the fractions can be read off from noninteracting systems, we determine a out (1 − e out )/a in for all orbital pairs in the system, i.e., there can be multiple values per system depending on N . For the other outcomes, we determine a single value a out (1 − e out )/a in for each relevant system based on the orbit for which the strong interaction condition (equation 2) or dynamical instability criterion occurred (relative to the 'outer' or 'parent' orbit). Each panel in Fig. 9 corresponds to a specific model and number of stars, indicated at the top. As discussed in Section 3.2, the qualitative differences between models A and C are minor, as are those between models B and D. We therefore show only results for models A and B. Furthermore, when comparing panels with different numbers of stars, one should bear in mind the relative number of available systems in the MSC (see Section 2.1), which affects the statistical quality and significance. In particular, the number of triples is much larger than the number of all higher-order systems combined. Fig. 9 shows that the strongly interacting systems (red dashed lines) tend to have similar orbital distributions across all types of systems. This is different for the dynamical instability systems; in triples, only highly compact systems can become dynamically unstable (a out [1 − e out ]/a in 10), whereas dynamical instability can be triggered in higher-order systems (N > 3) for a much wider range of a out (1 − e out )/a in . This can be attributed to secular evolution: the latter can significantly reduce the ratio a out (1 − e out )/a in in systems with N > 3, whereas this is not the case for triples.
A comparison of models A and B in Fig. 9 reveals no major qualitative differences between the two models, although there appears to be a slight preference for smaller a out (1 − e out )/a in in the strongly interacting systems in triples. This is likely because Model B on average has lower inclinations compared to Model A, so smaller ratios a out (1 − e out )/a in are required in order to drive strong interactions. Fig. 10 , which has a similar format to Fig. 9 , shows the distributions of the (initial) mutual inclinations Φ for the different outcomes. Analogously to Fig. 9 , we include all mutual inclinations for a given system for the noninteracting outcome, whereas in the other cases, we include for a given system only the mutual inclination associated with the strongly interacting orbit, or the orbit associated with dynamical instability.
Generally, the mutual inclination distribution for strongly interacting systems is highly peaked around Φ = 90 • . This is expected since, to lowest order, the maximum eccentricity in LK cycles is given by the canonical expression
where Φ is the initial inclination. When comparing systems with different N in more detail, however, it becomes apparent that the Φ distributions become slightly wider. For triples, very few systems interact strongly if Φ lies outside the canonical LK window 40 • Φ 130 • (the ones that do interact strongly are affected by the higher-order octupole term). This window increases in size for N > 3, and the distributions in Φ become broader. This illustrates that strong secular evolution can be driven in systems with N > 3 for a larger range of inclinations, as has been shown in detail for quadruples (e.g., Pejcha et al. 2013; Hamers et al. 2015; Hamers & Lai 2017; Grishin et al. 2018) . The difference in the Φ distributions between N = 3 and N > 3 become particularly apparent in Model B, in which fewer systems are initially highly inclined.
Dynamical instability systems (which are unlikely in triples, as discussed above) tend to have broad distributions for N > 3. For dynamical instability to occur in a system with N > 3, the parent orbit typically becomes highly eccentric. The latter is determined by the mutual inclination of the parent orbit with respect to its own parent, which is not Φ in this case. Therefore, dynamical instability is approximately independent of Φ.
Interaction times
Lastly, we show in Fig. 11 the distributions of the interaction times t int , i.e., for 'strong interactions', t int is the time when condition equation (2) occurred; for 'dynamical instability', t int is the time when the dynamical instability condition was met. For noninteracting systems, t int = t end by definition. Since the integration time t end of each system depends on several factors (most importantly, the MS lifetime, see Section 2.2), we normalise the interaction times in Fig. 11 to t end .
Strongly-interacting systems tend to form at early times; many systems have t int ∼ 10 −5 t end . Dynamical instability tends to occur somewhat later. There is a tail in the interaction time distribution for strong interactions and dynamical instability systems, up to t int = t end (suggesting that some systems would interact strongly or become dynamically unstable after t end , which in many cases is set by the shortest MS lifetime). Interestingly, the distributions of t int tend to fall off relatively quickly for triples, whereas they remain much flatter for systems with N > 3. This illustrates that, due to the potentially more chaotic nature of the secular evolution, systems with N > 3 can experience high eccentricities at later times in their evolution compared to triples.
A comparison between models A and B in Fig. 11 reveals no qualitative differences in terms of the interaction time distributions. Similarly, the other models also show qualitatively similar results.
DISCUSSION
Observational biases in the MSC
When interpreting our results, it is important to bear in mind that the MSC is not based on a volume-limited sample of stars, and is therefore distorted by observational selection effects. However, the MSC does contain the most up-to-date information on the statistics of high-multiplicity systems, which motivated our choice for using this database. Our results should be interpreted with the observational biases of the MSC in mind. Also, in order to maximise the number of systems in the MSC, we integrated systems for a duration based on the shortest MS lifetime of the stars in the system, whereas some systems actually contain giant stars. This implies that we overestimated the true remaining lifetime of the components in some systems. We also ignored stellar evolution, which becomes important in those systems. Nevertheless, in our view, the result of a higher interaction probably with increasing N is robust.
It should also be taken into account that we considered interactions during the relatively long-term MS lifetime of the stars. However, strong interactions and dynamical instability can also already occur during the formation of the system (e.g., Moe & Kratter 2018; Tokovinin & Moe 2020) . In that sense, our interaction and dynamical stability fractions are lower limits on the 'true' fractions if the initial formation phase of the stars is also taken into consideration.
Future directions
Our integrations were based on the orbit-averaged equations of motion. The orbit-averaging approximation can break down in cases when the timescale for secular changes is comparable to some of the orbital periods in the system. For triples, correction terms have been derived that take into account (some of) the suborbital effects that can change the long-term secular evolution (e.g., Luo et al. 2016; Breiter & Vokrouhlický 2018; Lei et al. 2018; Lei 2019) . It is left for future work to investigate the impact of orbit-averaging corrections in higher-order systems.
Other aspects that should be addressed in future work include continuing the phase of strong interactions taking into account secular evolution, and post-MS evolution. These aspects can produce interesting behaviour in triples (e.g., Hamers et al. 2013; Toonen et al. 2016; Stephan et al. 2016; Hamers & Thompson 2019) and quadruples (e.g., Hamers 2018b Hamers , 2019 . In addition, it is of interest to investigate the outcomes of systems that are marked as becoming dynamically unstable using direct N-body integrations. Such an endeavour would also reveal quantitatively the true extent to which the stability criterion of Mardling & Aarseth (2001) can be generalised to higher-order systems.
